2. WITT’S
DECOMPOSITION
THEOREM

82.1. Direct Sums

If U, V are quadratic spaces over F then U @ V is
the direct sum of the vector spaces U, V made into a
quadratic space by defining

(X1, X2) | (Y1, ¥2)) = Xa [ Yo + (X2 | Y2)y,-

Example 1: In Cr @ C,,
()@ =< Deg + <] e
= Re(i) + Im(-1)
=0.
Hence (i, i) and (1, i) are orthogonal.

. AO
If A, B are square matrices, A ® B = (O Bj . The

direct sum of two quadratic forms Zajj xj Xj and Zbijj X; Xj
IS Xcij Xi Xj where (cij) = (aij) © (bij).

Example 2: (X2 — X2%) @ X1 X2 = X12 — Xo? + X3 Xa.

NOTE: @ is associative and commutative up to
iIsomorphism, congruence and equivalence.
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In the following 1-1 correspondences direct sums
correspond.

Congruence <« Equivalence Isometry
classes of classes of classes of
SYMMETRIC QUADRATIC QUADRATIC
MATRICES FORMS SPACES

NOTE:

(ag, ... ,an>@<b1, cee bm>E<a1, ..., an, b]_, ...,bm>.

Notation: NAISA® A @ ... ® A where A Is a matrix,
quadratic form or quadratic space.

§2.2. Hyperbolic Spaces

A hyperbolic plane is a 2-dimensional quadratic
space whose quadratic form is equivalent to (1, —1).
Equivalently a hyperbolic plane is equivalent to xy.

Notation: A hyperbolic plane is denoted by #-
A quadratic space V is a hyperbolic space if
V = nH for some n € Z.
The dimension of a hyperbolic space is even.

Example 3: C,;, Cr are hyperbolic planes. Cr @ C, is a
hyperbolic space.
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Theorem 1: A 2-dimensional quadratic space is a
hyperbolic plane if and only if its determinant is
equivalent to —1.

Proof: Suppose ab =~ —1. Then ab = —k? for some k e F*.
Then (a, by = (a, —k2/2a>

— a2 N0
ax’ -y

a
== (a2 X2 — K2 y?)

_ (ax — kyj (ax + kyj
A a

~ axy

~ zy (where z = ax)

~ (1, -1).

The converse is obvious. % ©

§2.3. Isotropic and Regular Spaces
A quadratic space is isotropic if there exists v # 0 such
that (v | v) = 0.

Example 4: #£is isotropic.

The radical of a quadratic space is rad V = V-,
A quadratic space is regular if rad V = 0, that is, if the
corresponding matrix is non-singular or if the determinant
of the corresponding quadratic form is non-zero.
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Theorem 2: A quadratic space is either regular or
isotropic.

Proof: If V is not regular there exists a non-zero vector
v eradV.

Hence (v |v)=0. %O

Example 5:

(1) #= (1, -1) is both isotropic and regular.
(2) (1, 0) is isotropic but not regular.

(3) (1, 1) is regular but not isotropic.

Theorem 3: If M is a regular subspace of the quadratic
space VthenV =M @ M+,

Proof: V=M + M*: Let ey, ..., & be an orthogonal basis
of Mand letv € V.

If, for any i, {ej | &) = 0 then e; € rad M = 0, since M is
regular.

Hence (e | e;) = O for each i.

(v |e)
Letw=v - Z<6.|e>

Then (w | e,) = O for all j.
Hencew € M*+andsov e M + M*.

M N M+ =0: since M n M+ =rad M =0.
We now show that V = M @ M as quadratic spaces:

18



If my, m, € M and ny, n, € M+ then
(Mg + Ny [ M2+ Nn2) = (My | M2) +(My | N2) + (N1 | M)
+ (N1 | Ny)
=(m1|my)+(n;|ny. YO

Theorem 4: V is regular and isotropic if and only if
V =z H @ W where H is the hyperbolic space and W is
regular.
Proof: Suppose V is regular and isotropic.
Let x # 0 be such that (x | x) = 0.
Since V is regular there exists y € V such that (x | y) # 0.
Let H = (X, y) the subspace spanned by X, y.
Then (Ax +y [ AX +y) = AXX | X) + 20X | y) + <y | y)
= 2K [y) +<{y | y)-
_l-yly 1=y
Let A, = 20X [y) and A, = 2x 1Y)
Lete; = Aix+yand e, =AX +Y.
Then{e;|e1)=1,(ex|e) =—1and (e;|ez) =0.
So ey, e; is an orthogonal basis for 7 relative to which the
quadratic form is (1, —1).
Hence H is a hyperbolic space.
Since H is regular, V = # ® #* by Theorem 3.

Let W = #. Clearly #* is regular. %©
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§2.4. Witt’s Decomposition Theorem

Let Z be the 1-dimensional quadratic space associated
with the quadratic form 0x2, that is Z = (0). In other words
Z = (X) where (x| x) = 0.

Theorem 5: (Witt’s Decomposition Theorem):
If V is a quadratic space then VzmZ @ nH @& W for some
regular non-isotropic quadratic space W.
Proof: V =rad V @ K for some K:
Choose a basis for rad V (necessarily orthogonal) and an
orthogonal basis for K, and combine. Then

e rad V =mZ for some m

o Kisregular

e Kz=nH ® W for some n and some regular non-

isotropic W by Theorem 4. %©

Example 6: Over Q:
(3,-5,2,0)=(0) ® (3, -5, 2) (regular and isotropic since
3.12-512+2.12=0)

~ 7 ® H @ (d) for some d (by Theorem 4)

~ 7 ® H @ (30) by considering determinants.
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